We classify the pairwise transitive 2-designs, that is, 2-designs such that a group of automorphisms is transitive on the following five sets of ordered pairs: point-pairs, incident point-block pairs, non-incident point-block pairs, intersecting block-pairs and non-intersecting block-pairs. These 2-designs fall into two classes: the symmetric ones and the quasisymmetric ones. The symmetric examples include the symmetric designs from projective geometry, the 11-point biplane, the Higman-Sims design, and designs of points and quadratic forms on symplectic spaces. The quasisymmetric examples arise from affine geometry and the point-line geometry of projective spaces, as well as several sporadic examples.
Introduction
A design D consists of two sets P and B of 'points' and 'blocks' respectively, and an incidence relation I ⊆ P × B; we write D = (P, B, I). The study of designs has a long history, and recurring themes are issues of balance and symmetry. Indeed (according to [2, p. 12] , citing Ahrens [1] ), Latin square amulets go back to c.1200, and the study of designs as we have formulated them, goes back at least to 1835, when Plücker, in a study of algebraic curves, encountered a Steiner triple system on 9 points (and claimed that Steiner systems could only exist if the number of points is congruent to 3 (mod 6), a conjecture Plücker later correctly revised to 1 or 3 (mod 6)), see [2, p.12] . The mutual importance of groups and designs has also been recognised for decades, for example, Witt's discovery of the Steiner systems now known as the Witt designs made their automorphism groups much better understood -these groups are the sporadic simple Mathieu groups which had been discovered 70 years earlier, see [4, Chapter IV] .
The designs studied in this paper are 2-designs, that is to say, each block is incident with the same number k of points and each pair of distinct points has the same number λ of incident blocks in common. If v = |P|, we call D a 2-(v, k, λ) design. Our aim is to classify all 2-designs D = (P, B, I) which have a strong form of symmetry on pairs from P ∪ B, defined in the following paragraph. These so-called pairwise transitive designs were introduced in [18] , where they arose in the study of locally 4-distance transitive graphs. The definition for 2-designs is a bit simpler than the one given in [18] since for a 2-design all point-pairs are incident with λ common blocks.
An automorphism of D is a permutation of P ∪ B leaving invariant P and B setwise and preserving incidence. A point-block pair is incident if it lies in I; a block-pair is intersecting if there is a point incident with both blocks. For a subgroup G of the automorphism group Aut(D) of a 2-design D, we say that D is G-pairwise transitive if G is transitive on the following five (possibly empty) sets of ordered pairs: point-pairs, incident point-block pairs, non-incident point-block pairs, intersecting block-pairs and non-intersecting block-pairs. Note that all these pairs are ordered pairs, and that will be the case in the rest of this paper where we will often refer simply to pairs, rather than ordered pairs. We note that a trivial example is obtained by taking B to be the set of all 2-subsets of a v-set P with inclusion as incidence. In the following we assume that D is a non-trivial 2-(v, k, λ) design in the sense that 2 < k < v. We denote by µ the number of points incident with the two blocks in an intersecting block-pair.
Transitivity on ordered point-pairs is, in the language of permutation groups, the property of being 2-transitive on points, and the finite 2-transitive permutation groups are known explicitly as a consequence of Burnside's Theorem and the classification of the finite simple groups (see for example, [8, Sections 7.3 and 7.4] ). This classification suggested to us the possibility of classifying the pairwise transitive 2-designs completely, and this classification is the aim of our paper. Note that Table 2 also gives µ (we do not list µ in Table 1 because µ = λ for symmetric designs). The examples from the two tables are described in detail later in the paper, refer to the column "Ref." in the tables. Some of the transitivity conditions in the definition of pairwise transitivity have been studied previously for 2-designs, but not all of them have been imposed at once. For example, for a 2-design D the number of blocks is at least v = |P| and if equality holds then D is called a symmetric 2-design. Kantor [25] applied the classification of finite 2-transitive permutation groups to classify the point 2-transitive symmetric 2-designs. The nontrivial pairwise transitive symmetric 2-designs coincide with the 2-transitive ones (Lemma 2.3(B)) so most of our effort is focused on the non-symmetric cases. Another family of well-studied 2-(v, k, λ) designs is the subfamily with λ = 1; these are usually called linear spaces. Kantor [26] classified the point 2-transitive linear spaces, and a much more general classification was embarked on 5 years later: namely the classification of the flag-transitive linear spaces. Flag-transitivity is another name for transitivity on incident point-block pairs. This major classification was announced in 1990 [7] and the last part of the proof was completed in 2003 [36] ; the classification leaves open a difficult 1-dimensional affine case where 'complete classification is [believed by some to be] hopeless' [27] . On the other hand transitivity on non-incident point-block pairs is called antiflag-transitivity. This property has been studied to a lesser extent: Delandtsheer [14] classified the finite antiflag-transitive linear spaces, and Cameron and Kantor [9] classified the groups of semilinear transformations acting antiflag-transitively on some well-known designs. Linear spaces with a group transitive on ordered or unordered pairs of intersecting lines have been studied in [6, 15, 16] , while linear spaces with a group transitive on both ordered pairs of intersecting lines and ordered pairs of disjoint lines are classified by Delandtsheer in [13] . The assumption of transitivity on ordered pairs of intersecting lines, for a resolvable design, implies transitivity on ordered pairs of distinct parallel classes, that is, 2-transitivity on parallel classes of lines. This property was studied by Czerwinski [10] .
In Lemmas 2.2 and 2.4 we prove that a non-trivial G-pairwise transitive 2-design is such that G acts faithfully with rank 2 or 3 on blocks, in which case the design is symmetric or quasisymmetric respectively. A quasisymmetric design is a design with exactly two intersection numbers for block-pairs. Section 3 takes care of the former case and is essentially a commentary on Kantor's classification [25] , specifying the groups G and also the examples which are complements of trivial designs. In the latter case, the action on B can either be primitive or imprimitive. The primitive case is treated in Section 4.1 and depends on a blend of the classifications of 2-transitive and rank 3 almost simple groups. If G acts imprimitively of rank 3 on B, then the study divides further according to the type of action on points: affine (Section 4.2.1) or almost simple (Section 4.2.2). Putting all these results together, we obtain Theorem 1.1. Note that all computer checks mentioned in this paper use the computer algebra system Magma [5] .
In [18] , we showed that a graph is locally (G, 4)-distance transitive and has a normal star quotient K 1,r for r ≥ 3 if and only if its adjacency design is G-pairwise transitive and N-nicely affine with r parallel classes of blocks (see Definition 4.7).
Identifying the N-nicely affine designs in Tables 1 and 2 enables us to classify these graphs in the case where the adjacency design is a 2-design. Corollary 1.2 Let D be a non-trivial 2-(v, k, λ) design, and G ≤ Aut(D). Then D is G-pairwise transitive and N-nicely affine for some non-trivial normal subgroup N of G if and only if D, G, v, k, λ are as in one the first three lines of Table 2 .
Notation and preliminary results
A 2-design, defined above, is actually a particular case of a t-design: a design is called a t−(v, k, λ)-design if |P| = v, each block is incident with k points (t ≤ k), and each t-subset of points is incident with exactly λ blocks. A t-design is a t−(v, k, λ)-design for some parameters v, k, λ.
Let D be a 2-(v, k, λ) design. We denote by ) is the graph with vertex-set P ∪ B and {x, y} is an edge exactly when (x, y) or (y, x) is in I (less formally: if they form an incident pointblock pair). The point-graph of D has vertex-set P and {x, y} is an edge exactly when there is a block of B incident with both x and y.
A design D is connected if its incidence graph is connected, which is equivalent to its point-graph being connected. For example, if D is a 2-design then its point-graph is a complete graph, and in particular D is connected. It also follows that the set of intersecting block pairs of a 2-design is always non-empty.
We say that a t-design D is non-trivial if 1 ≤ t < k < v, and otherwise D is said to be trivial. For 2-designs this means that blocks are incident with at least 3 points and not with all the points. Proof. First assume that D is a trivial and G-pairwise transitive 2-design. Since D is trivial, either k = 2 or k = v. If k = v, then all blocks of the design are incident with all the points, so any two points are in all blocks, and λ = |B|. If k = 2 = v, then P contains (at least) three distinct points p 1 , p 2 , p 3 , and since D is a 2-design with k = 2, for each {i, j} ⊂ {1, 2, 3} there is a block
and since G is transitive on intersecting block-pairs, it follows that no distinct blocks b, b 
).m/3 m ≥ 3 and 3 | m 
, and it is easy to check that D is Gpairwise transitive (note that the following sets are empty: non-incident point-block pairs, non-intersecting block-pairs). In case (a), G = Aut(D) = Sym(v), and it is easy to check that D, which can simply be seen as a complete graph, is G-pairwise transitive.
✷
We say that a transitive permutation group has rank n if a point stabiliser has n orbits. Hence a transitive group has rank 2 if and only if it is 2-transitive. Lemma 2.2 Suppose D is a non-trivial G-pairwise transitive 2-design. Then D is connected, and D and G satisfy the following properties: (e) D has no repeated blocks;
(g) G acts faithfully on P; (h) G acts faithfully on B.
Proof. As discussed above, D is connected. Part (a) holds since G is transitive on point-pairs. Since G must be transitive on pairs of intersecting blocks and on pairs of non-intersecting blocks, (b) follows (second part of the statement if there are non-intersecting blocks, first part otherwise). Since D is non-trivial, 2 < k < v, and so there exist incident point-block pairs, and non-incident point-block pairs. Then, since D is G-pairwise transitive, G has exactly two orbits on P × B which implies both (c) and (d).
Suppose D has repeated blocks
Since k = v, there must be a point not incident with b 1 , say p. Let q be a point incident with b 1 . Then there must be a block b 3 containing p and q (since D is a 2-design). We have that . By connectedness, all the points are incident with exactly the same set of blocks, so each block contains all the points, and D is trivial, which is a contradiction. Thus (f) holds. Property (g), respectively (h), follows directly from (e), respectively (f).
✷
Thanks to property (e), for non-trivial pairwise transitive designs, we may identify blocks with the sets of points they are incident with, and we will therefore often say that a point is in a block or that a block is a subset of points. Also, because of property (g), we will often identify Aut(D) with a subgroup of Sym(P). , G has two orbits on point-block pairs. Since the sets of incident point-block pairs and of non-incident point-block pairs are both non-empty, they must be the two orbits of G on point-block pairs. By (b), G has rank 2 or 3 on B. In the rank 3 case, D has non-intersecting blocks, and the two orbits of G on pairs of distinct blocks must be the pairs of intersecting blocks and the pairs of non-intersecting blocks. If G has rank 2 on B, then the set of non-intersecting block-pairs is empty and G is transitive on the pairs of intersecting blocks. It follows that D is G-pairwise transitive and so (i) holds.
(B) If D is G-pairwise transitive then, by part (A), Lemma 2.2(a) holds, which is equivalent to G P being 2-transitive for a 2-design D. Conversely suppose that D is symmetric and G P is 2-transitive, so Lemma 2.2(a) holds. By [30, Theorem 3.4] , G has the same rank considered as a permutation group on points or blocks, so Lemma 2.2(b) holds. Let p ∈ P. Since G is 2-transitive on P, G p has two orbits on P. By [30, Theorem 3.3] , G p also has two orbits on B, so Lemma 2. Lemma 2.4 Let D be a non-trivial G-pairwise transitive 2-design. If G has rank 2 on blocks, then D is a symmetric design. If G has rank 3 on blocks, then D is a quasisymmetric design containing disjoint block pairs.
Proof. Fischer showed that a non-trivial 2-design has at least as many blocks as points [19] . Suppose first that G has rank 2 on blocks. Then any two blocks intersect in a constant number of points, which means that the dual of D is also a 2-design. Therefore by Fischer's theorem, v = b and D is a symmetric 2-design.
Now assume G has rank 3 on blocks, so G has two orbits on pairs of distinct blocks, and since G is transitive on intersecting block-pairs and on non-intersecting block-pairs, it follows that there are two intersection sizes for blocks, that is, D is a quasisymmetric design. ✷ Definition 2.5 The complete design C v,k (where 1 < k ≤ v are integers) is the design with v points such that for each k-subset S of points there is exactly one block b with [b] = S. In less formal words, each k-subset constitutes one block.
Since C v,k has no repeated blocks, the action of the automorphism group is faithful on points, and so Aut(C v,k ) ⊆ Sym(v). It follows easily that Aut(C v,k ) = Sym(v). By construction, C v,k is a 2-design for any parameters v and k. Now suppose k = v − 1 > 1. Each point is incident with all but one block and each block is incident with all but one point. If we identify each block with the one point it is not incident with, we see that the automorphism group also acts faithfully as Sym(v) in its natural action on blocks. The design has no pairs of non-intersecting blocks and each point is in only one non-incident point-block pair. All the required transitivity properties follow easily from the fact that Sym(v) is 2-transitive on the point-set and on the block-set.
Finally suppose C v,k is Sym(v)-pairwise transitive. Then Sym(v) is transitive on pairs of intersecting blocks, so there can only be one non-zero intersection size for blocks. If k < v − 1, then we easily see that there are pairs of blocks intersecting in k − 1 and k − 2 points. Thus k − 2 has to be equal to 0 (corresponding to non-intersecting blocks).
(b) Let D = C v,k be non-trivial and G-pairwise transitive. Then D is also Aut(D)-pairwise transitive, and so by Part (a) k = 2, k = v − 1, or k = v. Since D is non-trivial, 2 < k < v and so k = v − 1 ≥ 3. Moreover by Lemma 2.2(a), G P is 2-transitive. Since G acts faithfully on points, G ≤ Sym(v).
Conversely consider D = C v,v−1 , and suppose G is a 2-transitive subgroup of Aut(C v,k ) = Sym(v). Since D has v blocks, this design is symmetric, and so by Lemma 2.3(B) it follows that D is G-pairwise transitive. Since
In a certain sense C v,v−1 is trivial too since it is a (v − 1) − (v, v − 1, 1) design as well as being a 2-design.
Lemma 2.7
Suppose that D is a non-trivial G-pairwise transitive 2-design and that there exists a G-invariant partition S of B such that G S is 2-transitive. If G S and G P are equivalent, then the parts of S have size 1, and D is the complete design
Proof. Let p ∈ P. By hypothesis, G p = G S for some part S ∈ S. Notice that G S must be transitive on S (since G is transitive on B), so S is an orbit of G S = G p on B. By Lemma 2.2(c), G p must have two orbits on blocks (blocks incident with p, blocks non-incident with p). Since S is one G S -orbit in B, it follows that G S is transitive on B \ S. Then, since G preserves incidence, and since 
Pairwise transitive symmetric 2-designs
In this section, we deal with the case where D is non-trivial G-pairwise transitive and G B is 2-transitive, so that, by Lemma 2.4, D is a symmetric 2-(v, k, λ) design. By Lemma 2.3(B), G P is 2-transitive, and the 2-transitive symmetric 2-(v, k, λ) designs D with 2 < k ≤ v − 2 were classified by Kantor [25] . If k = v − 1 then D is the complete design C v,v−1 by Lemma 2.2(e), and is indeed pairwise transitive by Lemma 2.6(b). We describe the designs classified by Kantor and then speicfy explicitly the groups G for which each is G-pairwise transitive in Proposition 3.5.
Example 3.1 Let P be the set of points of the projective space PG(d−1, q) (d > 2), and let B be the set of hyperplanes of PG(d−1, q), with inclusion as incidence. Then
Example 3.2 Let D be a Hadamard 2 − (11, 5, 2) design, shown to be unique up to isomorphism by Todd [37, Section 3] . Then D is a symmetric 2 − (11, 5, 2) design H(11), and Aut(D) = PSL (2, 11) . It is the derived design of a design we will describe in Example 4.14.
The derived design of a given t-design (P, B, I) (for simplicity, let us assume it is point-transitive) is the (t − 1)-design with point-set P \ {p} (where p is a point in P) and block-set {B \ {p}|B ∈ B, p ∈ B}.
Example 3.3 In the Mathieu-Witt 2 − (24, 8, 5) design, fix two points, and consider the two sets of 176 octads that contain precisely one of them. Higman [22] constructed a design, calling the octads in one family "points" and those in the other family "quadrics", where a point is incident with a quadric when the octads meet in 0 or 4 symbols. This yields a symmetric 2 − (176, 50, 14) design D 176 , with full automorphism group the Higman-Sims sporadic simple group HS acting doubly transitively on points and quadrics. ′ ∼ = Alt(6) and Sp(4, 2) ∼ = Sym(6);
Proof. Assume D is G-pairwise transitive and v = k − 1. Then, as mentioned above, G P is 2-transitive, and D = C v,v−1 , so G is a 2-transitive subgroup of Sym(v). 
, it is easy to show that k = v/2 and k = v − 2. If k > v/2 then by Kantor's discussion in the first paragraph of [23] , D c is a symmetric 2-design with block-size v − k strictly less than v/2. So, up to taking the complement, we can assume that 2 < k < v/2. Thus, by Kantor [25] , D is one of the four examples given in the statement. These examples are described in detail in Lander [30, p.84-89] , where the full automorphism groups are described (except for Example 3.1, but the full group of that design is well known to be PΓL (d, q) ). See also [24] 32] or to [26, p.68] . ✷
Quasisymmetric pairwise transitive 2-designs
In this long final section, we deal with the case where D is pairwise transitive and G B has rank 3, so that by Lemma 2.4, D is a quasisymmetric design containing disjoint block pairs. The analysis splits naturally into the cases where G B is primitive and imprimitive, and the latter case subdivides again into the cases where G P is affine or almost simple 2-transitive (see Lemma 2.2). We treat these subcases in separate subsections below, but first we prove a general lemma.
Recall that r denotes the number of blocks incident with a point. Proof. Since D is non-trivial, k ≥ 3, and since G B has rank 3, the set of nonintersecting blocks is non-empty, thus 
G is primitive of rank 3 on blocks
First we observe that the group G must be almost simple and we give three examples.
Our strategy is then to compare the possibilities for the 2-transitive G P and rank 3 G B , each isomorphic to G, using the classifications of such groups.
Lemma 4.2 Suppose D is a non-trivial G-pairwise transitive 2-design, G B has rank 3 and is primitive. Then G is almost simple.
Proof. Since G P has rank 2, G is of either affine or of almost simple type by Burnside's Theorem [8, p.101 ]. Suppose G is affine. Let T = soc(G) be its translation subgroup, which can be identified with P. Since T ✁ G and G B ∼ = G is primitive, the group T B ∼ = T is transitive, and hence |B| divides |T | = v. By Fisher's inequality [19] Note that Example 4.4 is the residual design of Example 4.5. A residual design of a t-design (P, B, I) (for simplicity, let us assume it is point-transitive) is the (t − 1)-design with point-set P \ {p} (where p is a point in P) and block-set {B|B ∈ B, p / ∈ B}. The number of points incident with two intersecting blocks, the parameters of the design, and the full automorphism group for the three previous examples are well-known. Table  2 , respectively.
As mentioned above, G ∼ = G P ∼ = G B must arise in the classifications of almost simple groups which are 2-transitive and which are rank 3. We need to consider all pairs of such actions. However if up to permutational isomorphism there is only one 2-transitive action and the rank 3 actions are fused by outer automorphisms (or vice versa), then it is enough to consider just one of the pairs of actions. The list of almost simple 2-transitive groups can be found in [8] and the list of almost simple rank 3 groups follows from Bannai [3] , Kantor and Liebler [28] , and Liebeck and Saxl [33] . Comparing the two lists, we list the relevant groups in Tables 3 and 4 (at the end of the paper). Column 1 gives soc(G) (or G in a few cases), Column 2/3 gives the degree of the 2-transitive/rank 3 action (if possible with a description), Column 4 gives the orbit sizes of G b on P (these numbers can often be deduced from our knowledge of the actions, or otherwise using a computer), the entry in Column 5 relates to the proof.
Proof. Assume D is G-pairwise transitive. From the above discussion, one of the lines of Table 3 or 4 holds for G. The entry in Column 5 indicates how we prove that either the group does not provide an example, or corresponds to one of the above examples. The following comments indicate how various cases are dealt with.
• The groups with "Lemma 2.2(d)" in the last column cannot be the automorphism group of a design satisfying the required properties, as G b has only one orbit on P, contradicting Lemma 2.2(d).
• The groups with "Lemma 4.1" in the last column cannot be the automorphism group of a design satisfying the required properties, as G b has no orbit of size between 3 and v/2 on P, contradicting Lemma 4.1. In all other cases, by Lemma 4.1, a given block b must be incident to the points in P in the smaller G b -orbit on P. In each case, we call D this design.
• The groups with "no disjoint blocks" in the last column cannot be the automorphism group of a design satisfying the required properties, as we will show there are no disjoint blocks, and instead there are two orbits on pairs of intersecting blocks.
Consider the case of G = PSL(d, q) in its rank 3 action on codimension 2 subspaces, where d ≥ 5 (if d = 4, this action is the same as the action on lines, as in the previous line of the table). Since the number of points contained in a codimension 2 subspace is smaller than the number of points outside it, D is the design of projective points/codimension 2 subspaces, with inclusion as incidence. Two blocks intersect in a subspace of codimension 3 or 4, each of which contains a 1-dimensional subspace (projective point).
Consider the case of G = Sp(2d, 2) (d ≥ 3). Then P is the set of quadratic forms of type ǫ (where ǫ = ±) polarising to the symplectic form ( , ) preserved by G, and B is the set of non-zero vectors of V (2d, 2). Let p be a point (so a quadratic form). Then p has 2 2d−1 + ǫ2 d−1 − 1 singular non-zero vectors and 2 2d−1 − ǫ2
non-singular vectors, and these form the two orbits of G p on B. By Lemma 4.1, the smallest one of these orbits will give us incidence. For ǫ = + (hyperbolic forms), the set of non-singular vectors is smaller, so a point p and a block b are incident in D if and only if b is non-singular for the hyperbolic form p. For ǫ = − (elliptic forms), the set of non-zero singular vectors is smaller, so a point p and a block b are incident in D if and only if b is singular for the elliptic form p. We claim that, in both cases, there are no disjoint blocks, that is for any two blocks x, y, there exists a point incident with both. In other words for any two nonzero vectors x, y of V (2d, q), there exists a hyperbolic (resp. elliptic) form polarising to (, ) such that x, y are both non-singular (resp. singular) with respect to this form. As G has two orbits on pairs of blocks, it is sufficient to consider two pairs x, y: one where (x, y) = 0 and one where (x, y) = 1. If x is the vector (x 1 , x 2 , . . . , x 2d ) (and similarly for y), we can pick without loss of generality the bilinear form to be (x, y) = d i=1 (x 2i−1 y 2i + x 2i y 2i−1 ). Let x = (1, 1, 0, . . . , 0), y = (0, 0, 1, 1, 0 Table 2 , respectively. In each case, G P has rank 2 (so condition (a) of Lemma 2.2 holds) and G B has rank 3 and is primitive. We check for each case that a block stabiliser in G has two orbits on P (see Tables 3 and 4 for sizes): , q) : the stabiliser of a line is transitive on the points on the line, and on the points outside the line in a projective space.
PG(2, 4)
hyp : the stabiliser of a hyperoval is transitive on the 6 points of the hyperoval, and on the 15 points outside the hyperoval (this is well known and can be deduced from the character table of PSL (3, 4) , see the Atlas [12, p. 23] 
G is imprimitive of rank 3 on blocks
In this case, the group G is affine or almost simple. Recall from [18] the following definition (which is valid for any t-design not just 2-designs). It follows that the N-orbits on the blocks of an N-nicely affine are parallel classes.
Lemma 4.8 Suppose D is a non-trivial G-pairwise transitive 2-design, and G B has rank 3. If G is imprimitive on blocks, then one of the following holds:
(1) G is 2-transitive of affine type on P, and D is N-nicely affine for N the translation subgroup of G;
(2) G is 2-transitive of almost simple type on P and is quasiprimitive on B.
Proof. The group G admits a unique nontrivial system of imprimitivity S on B (see, for example [17] ). The equivalence relation given by S corresponds to a pair of blocks being either intersecting, or non-intersecting. In the former case, blocks in different parts of S are disjoint, and it follows that the design is not connected, a contradiction. Hence distinct blocks in the same part of S are disjoint. Let M be the kernel of the action of G on the system of imprimitivity. Suppose M = 1. Then since G ∼ = G P is 2-transitive, it follows that M is transitive on points, and so the blocks in each M-orbit in B cover the point-set and form a block of imprimitivity for G B . The uniqueness of S implies that each of these blocks is exactly a part of S. In other words, each part of S is a parallel class of blocks. Since G is transitive on pairs of non-intersecting blocks, it follows that pairs of blocks from different M-orbits are intersecting, and since G is transitive on intersecting block-pairs, we conclude that D is M-nicely affine.
Since G ∼ = G P is 2-transitive, the group G is either almost simple or affine. Let N = soc(G). Then N is the unique minimal normal subgroup of G and N P is transitive. By uniqueness N ≤ M and in particular N is intransitive on B. Since G admits a unique nontrivial system of imprimitivity on B, the set of N-orbits on B must be S, and so D is N-nicely affine. In particular, N preserves the partition of P given by any part of S, and so N is imprimitive on points.
By 3(a) ], since G P is 2-transitive and N P is a regular normal subgroup, it follows that N is elementary abelian and hence G ∼ = G P is of affine type, so (1) holds. Now suppose M = 1, that is, G acts faithfully on the imprimitivity system on blocks. By [17, Corollaries 2.4 and 2.5] G is almost simple and quasiprimitive, so (2) holds. ✷
G is affine on points
We study in this section case (1) of Lemma 4.8, that is, N ✁ G ≤ AGL(d, p), and G is 2-transitive of affine type on P with translation subgroup N (where p is a prime).
The affine geometry gives a natural example.
Example 4.9 Let P be the set of points of the affine space AG(f, q) (f > 1), and let B be the set of affine hyperplanes of AG(f, q), with incidence given by inclusion.
) design, denoted with a little abuse of notation by AG(f, q), and Aut(D) = AΓL(f, q). Blocks intersect in 0 or q f −2 points.
Theorem 4.10 Let D be a non-trivial 2-design and let G ≤ Aut(D) be such that G B has rank 3 and is imprimitive, and G is 2-transitive of affine type on P. Then D is G-pairwise transitive if and only if D is the design AG(f, q) described in Example 4.9 and G is as in one of Lines 1, 2, 3 of Table 2 .
In [18, Theorem 1.8], we proved that an N-nicely affine, G-pairwise transitive design, such that G P is 2-transitive and N has at least 3 block orbits, can be obtained from the following construction. The construction has been modified from [18] to take into account the condition that D is a 2-design. (a) G 0 is transitive on V \ {0};
) with incidence I given by inclusion.
Note that V /M i denotes the sets of cosets of M i in V . In our analysis we use the following information about ΓL(1, p d ). 
Then there exist unique integers i, j, t such that G 0 = τ i , τ j σ t and the following all hold:
(2) t > 0 and t ÷ d;
Moreover G 0 is transitive on V (d, p) \ {0} if and only if either i = 1 or the following two conditions are both satisfied: (A) j > 0 and i ÷ j
A generating set for G 0 as in Lemma 4.12 is said to be in standard form.
Proof of Theorem 4.10. Assume D is a non-trivial G-pairwise transitive 2-design and G ≤ Aut(D) is such that G B has rank 3 and is imprimitive, and G is 2-transitive of affine type on P. Then N ✁ G ≤ AGL(d, p) with translation subgroup N, where p is a prime, and N acts regularly on P.
By Lemma 4.8, D is N-nicely affine. The number of parallel classes of blocks is equal to the number of blocks incident with each point, denoted by r. By Lemma 4.1, we have r ≥ 3. It follows that D satisfies all the assumptions of [18, Theorem 1.8], and so D can be obtained via Construction 4.11. Thus G 0 has a subgroup H of index r such that the action of G 0 on the right cosets of H is 2-transitive. The subgroup H is the stabiliser in G 0 of a subspace
The finite 2-transitive groups of affine type have been classified (see for instance [8] ): they consist of 3 infinite families and 7 sporadic cases. It can easily be checked by computer that out of the 7 sporadic cases, the only case where there is a subgroup H as described is: V = V (4, 2), G = 2 4 : Alt(7), r = 15 and M is the set of all hyperplanes of V . Then the blocks are all the cosets of the hyperplanes of V , that is, all the affine hyperplanes af AG(4, 2) and Line 2 of Table 2 holds. We now look at the 3 infinite families.
1. SL(f, q) ≤ G 0 ≤ ΓL(f, q), where f = d/e and q = p e for some divisor e of d (notice that p d = q f ). Assume first that f ≥ 2. Then SL(f, q) is not contained in the kernel of the action of G 0 on M, since it is transitive on the non-zero vectors and so cannot leave a proper subspace invariant. Thus either the 2-transitive group induced by G 0 on the H-cosets is almost simple with socle PSL(f, q), or (f, q) = (2, 2) or (2, 3). Consider first the 2-transitive actions of G 0 of degree r =
(there are two such actions if f ≥ 3). The stabiliser of an element in one of these actions stabilises either a 1-space or a hyperplane of V (f, q). Since the subspaces in M have F p -dimension at least d/2, the action must be on hyperplanes. Hence in this case M 1 is a hyperplane and its orbit under G 0 consists of all hyperplanes of V (f, q), and Line 1 of Table  2 holds. It is easily checked that the conditions of Construction 4.11 are satisfied. There are a few other possibilities for 2-transitive actions of G 0 if (f, q) = (2, 2) or (2, 3), and they are summarised in the table below (most of them coming from exceptional isomorphisms of PSL(f, q)). It is easily checked by computer that the stabiliser of an element in each of these actions does not stabilise a subspace. Finally, assume (f, q) = (2, 2) or (2, 3). Then, apart from the natural actions of degree q + 1 already treated, the only possibility is G 0 = GL(2, 3) which has a 2-transitive action of degree 3. However a stabiliser in that action does not stabilise any subspace.
PSL(2, 7) 8 (2, 11) PSL(2, 11) 11 (2, 9) Alt (6) 6 We now treat the case where
More precisely, if G 0 has a 2-transitive action of degree r ≥ 3, then r must be an odd prime dividing p d − 1 such that r − 1 divides d and the order of p modulo r is r − 1. In that case, the induced 2-transitive permutation group is Z r : Z r−1 ∼ = AGL(1, r).
If d = 2, then r = 3, M 1 has F p -dimension 1, and by condition (a) of Construction 4.11, G 0 is transitive on the set of p + 1 subspaces of dimension 1, so p + 1 = |M| = r = 3 and p = 2. Since Z 3 : Z 2 ∼ = ΓL(1, 4) = SL(2, 2) this case has already been considered in the case f ≥ 2 above, so we can now assume that d > 2. Take G 0 = τ i , τ j σ t in standard form as in Lemma 4.12. We next consider the case G 0 ≤ ΓL(1, 2 6 ) ∼ = Z 63 : Z 6 . Since r is prime and divides 2 6 − 1 = 63, r must be equal to 3 or 7. If r = 7, then the order of 2 modulo r is 3 = r − 1. So r = 3 and the 2-transitive action is isomorphic to Z 3 : Z 2 . Thus t = 1 or 3. Then it follows from Lemma 4.12 that i = 1, and so G 0 = ΓL(1, 2 6 ) or τ, σ
In every specific case, we determine the transitive subgroups by showing that if i > 1 then very few values of i satisfy i|
and conditions (B) and (3) for some k 2 ≤ i 2 and at least one of the inequalities k 1 < i 1 , k 2 < i 2 holds, then i|j
Thus if the hypotheses of (*) hold for i, then i does not satisfy condition (B) of Lemma 4.12. It follows that if condition (B) fails for the b-part of i, for each prime b dividing i, then condition (B) fails for i. In particular, if no prime power i satisfies condition (B) then no i satisfies condition (B). In this case, we must have i = 1 and this implies that (2, 4), (2, 10) , (2, 12) , (2, 18) , so r is 5, 11, 13, 19 respectively. Considering for i all the prime powers dividing
, which are 3, 9, 27, 5, 7, 31, 73, and taking for k the values 2, 6, 18, 4, 3, 5, 18 respectively (regardless of the value of j), we see that condition (B) fails, so by our observation above i = 1 and
A stabiliser τ r , σ of an element in a degree r action has orbit sizes 1,
and d
on V . Except for d = 4, it follows that τ r , σ does not stabilise a subspace. If d = 4, the stabiliser τ 5 , σ has orbits {0}, {1, ǫ 5 , ǫ 10 } = F * 4 , F \ F 4 , so it stabilises F 4 which is closed under addition and so is a subspace. We get in this way the 5 hyperplanes of V (2, 4), and Line 3 of Table 2 holds.
Assume (p, d) is one of (3, 4) , (3, 6) so r is 5, 7 respectively. The prime powers dividing d ) or the index 2 subgroup τ 2 , τ σ . A stabiliser H of an element in a degree r action is τ r , σ , or τ 2r , τ σ respectively. In the first case, the H-orbit sizes in V are 1,
; in the second case they are 1,
. So again H does not stabilise a subspace.
The last case is (p, d) = (5, 6). The prime powers dividing 6 ) or the index 2 subgroup τ 2 , τ σ . A stabiliser H of an element in a degree r action is τ r , σ , or τ 2r , τ σ respectively. In the first case, the H-orbit sizes in V are 1, ; in the second case they are 1,
. So again H does not stabilise a subspace. 3. G 2 (2 e ) ✁ G 0 , where p = 2 and d = 6e. Suppose first that e = 1, that is, V = V (6, 2) and G 2 (2) ∼ = P ΓU (3, 3) 
is the unique minimal normal subgroup of G 0 , G 0 does not have an unfaithful 2-transitive action of degree ≥ 3. The only faithful 2-transitive action of G 0 is of degree 28. However it is easily checked that the stabiliser of an element in that action does not stabilise a subspace of V (6, 2). Suppose now e ≥ 2. Then G 2 (2 e ) is the unique minimal normal subgroup of G 0 and G 0 /G 2 (2 e ) is cyclic, so G 0 does not have an unfaithful 2-transitive action of degree ≥ 3. So if G 0 has a 2-transitive action, it must be faithful and almost simple with socle G 2 (2 e ), but this group has no 2-transitive action.
Conversely, suppose that D is the design AG(f, q) described in Example 4.9 and G is as in Lines 1, 2, 3 of Table 2 . By construction, D is a non-trivial 2-design and G is 2-transitive of affine type on P, in each case. By Lemma 2.3, it is sufficient to check that conditions (a), (b), (c) of Lemma 2.2 hold for G to conclude that D is G-pairwise transitive. All these groups are 2-transitive on P, so (a) holds. Since G permutes the parallel classes of hyperplanes, G B is imprimitive and in each case G 
G is almost simple on points
We study in this section case (2) of Lemma 4.8. Here G B is imprimitive but quasiprimitive of rank 3. Again there is a unique block system S for the G-action on B, and since G B is quasiprimitive of rank 3, we have G S ∼ = G 2-transitive.
Lemma 4.13 Suppose D is a non-trivial G-pairwise transitive 2-design, G P is of almost simple type, and G B is imprimitive of rank 3, with block system S. Then the two actions G P and G S are not the point and hyperplane actions of a projective linear group.
Proof. Suppose the socle of G is PSL(a, q), with point action on P and hyperplane action on S for some a ≥ 3 and some prime power q. Then for S ∈ S, G S has two orbits on P, of sizes (points lying in and out of the hyperplane). Let S ∈ S and b ∈ S. Since G b also has two orbits on P by Lemma 2.2(d), and G b ≤ G S , it follows that G S and G b have the same two orbits on P. Let b ′ be another block in S. Then the same argument shows that G b ′ and G S , and hence also G b , have the same two orbits on P.
contradicting Lemma 2.2(e). ✷
We now give an example.
Example 4.14 Let C be the ternary Golay code. Then C has 24 total words (weight 12 words), denoted by εw i where i ∈ {0, 1, 2, . . . , 10}∪{∞} and ε ∈ {1, −1}. The set of total words is preserved by M 12 , and M 11 is the setwise stabiliser in M 12 of {w ∞ , −w ∞ } where w ∞ is the all-one vector (see the Atlas [12, p.32 and 18] ). The remaining 22 total words each have six 1 and six −1 entries. Let P = {0, 1, 2, . . . , 10} ∪ {∞}, and let B = {εw i |i = ∞, ε ∈ {1, −1}}, where point j is incident with block εw i exactly when the j-entry of εw i is equal to 1. Then D = (P, B, I) forms a 2 − (12, 6, 5) design (also a 3 − (12, 6, 2) design actually) H (12) . Blocks intersect in 0 or 3 points, and are partitioned into parallel classes of size 2 ({w i , −w i } for each i), and Aut(D) = M 11 . This is also the unique Hadamard 3-design associated with a 3×3 Hadamard matrix characterised in [35] . The number of points incident with two intersecting blocks, the parameters of the design, and the full automorphism group follow from Norman's work in [35] . Table 2 , respectively.
Proof. Assume D is G-pairwise transitive. Let S be the unique nontrivial system of imprimitivity of G on blocks (see [17, Lemma 2.3] Table 5 (at the end of the paper), where we write more specifically the conditions we are going to need in our proof. In particular, for the third row, the conditions (see Line 12 of [17, Table 3 ]) imply that q cannot be equal to 2, since m must be prime and md is a divisor of q − 1.
By Lemmas 2.7 and 4.13, G must have two non-equivalent 2-transitive actions (on P and on S), and if G has socle PSL(a, q) (a ≥ 3) then these are not the actions on points and hyperplanes of the projective geometry. The groups G in Table 5 which satisfy these additional properties are very few: M 11 of degree 11 on S and degree 12 on P; PSL(2, 9) and PΣL(2, 9) of degree 10 on S and degree 6 on P; and PSL(3, 2) of degree 7 on S and degree 8 on P (information from the Atlas [12] was used to determine the overgroups for PSL(2, 9) and PSL (3, 2) ).
Suppose G ≥ PSL(2, 9), with natural 2-transitive action of degree 10 on S and 2-transitive action of degree 6 on P. The conditions [17, Proposition 5.10] imply that G = PSL(2, 9), στ ∼ = M 10 , where σ is the Frobenius automorphism and τ = 1 0 0 ω (ω is a primitive element of GF (9)). This is a contradiction because M 10 has no 2-transitive degree 6 action (see [12, p.4] ). So none of these groups satisfy all the required conditions. Suppose G = PSL(3, 2), with natural 2-transitive action of degree 7 on S and 2-transitive action of degree 8 on P. For b ∈ B, G b has two orbits of size 4 on P. We choose one of these orbits as the set [b] of points incident with b and we get a 2−(8, 4, 3) design D (this follows from an easy counting). Note that if we had chosen the other orbit, we would have obtained a design isomorphic to D (switching the incidence between every two blocks in the same part of S yields an isomorphism). There are four designs with these parameters up to isomorphism, but only one of them has disjoint blocks [11, p.27] : namely AG(3, 2) (Example 4.9 for (f, q) = (3, 2)), thus D = AG(3, 2) and Line 4 of Table 2 holds.
Suppose G = M 11 , with natural 2-transitive action of degree 11 on S and 2-transitive action of degree 12 on P. For b ∈ B, G b has two orbits of size 6 on P. Choosing either of these orbits as the set [b] gives by an easy counting a 2 − (12, 6, 5) design D. Since M 11 is actually 3-transitive of degree 12, D is also a 3-design with parameters 3 − (12, 6, 2). Its derived design is a 2 − (11, 5, 2) design, which is a Hadamard 2-design, shown to be unique by Todd [37, Section 3] . It follows by [35, Lemma 1] (see also [4, Corollary II.8.11] ) that there is a unique 3 − (12, 6, 2) design: namely H(12), described in Example 4.14. Thus D = H(12) and Line 5 of Table 2 holds.
We now prove the converse. Let D and G be as in Line 4 or 5 of Table 2 . Note that in both cases, the complement of a block is also a block. Moreover the set of complementary block pairs forms a system of imprimitivity for the action on B, so G B is imprimitive. By construction, G P has rank 2 (so condition (a) of Lemma 2.2 holds), G is simple, and G B is quasiprimitive (since G ∼ = G B is simple and transitive). Moreover G B has rank 3 by [17] . We checked for each case by computer that a block stabiliser in G has two orbits on P: the points in the block, and the points outside the block. Hence condition (d) of Lemma 2.2 holds. To verify condition (b) of Lemma 2.2, we need to check that there are non-intersecting blocks. B is imprimitive and of rank 3. Then by Lemma 4.8 G is either of affine type or of almost simple type. If G is of almost simple type, then G B is quasiprimitive, so all normal subgroups N of G are transitive on B, and hence the orbits of N cannot be parallel classes. Thus G is of affine type and D, G are as in one the first three Lines of Table 2 .
Conversely, assume D, G are as in one the first three lines of Table 2 . These all satisfy G B being imprimitive and of rank 3, and with G 2-transitive of affine type on P, so by Lemma 4.8(1), they are N-nicely affine for N the translation subgroup of G. 
